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On Structure Preserving Control of Power Systems

Mark Gordon and David J. Hill

Abstract— Control designs based on Geometric Feedback
Linearization (GFL) and the so-called Direct Feedback Lin-
earization (DFL) technique for power system stability control
are presented and compared. The physical integrity of the
state space description of a classical single machine infinite bus
(SMIB) power system model is preserved with the application of
DFL in designing a robust excitation-voltage regulating control
system. Firstly, the conflict of simultaneous angle stabilization
and voltage regulation is studied. Then linear techniques on
the linearized system are applied to design stabilizing feedback
gain coefficients for the nonlinear excitation loop. It is shown
that GFL results in a coordinate mapping for which the
feedback loop stabilizes the angle while the DFL is seen to
offer considerable flexibility in designing controllers for all
relevant variables. The results emphasize the difference between
geometric and direct feedback approaches and provide insights
towards nonlinear control theory applications in power systems.

I. INTRODUCTION

System stability is the most important issue for power
systems; if stability is lost, network collapse may occur
with devastating economical losses and power grid damages.
Considerable attention has been given in the literature to
excitation control system design and its performance char-
acteristics in enhancing power system stability. Transient
(angle) stability and voltage regulation are of major concern
in large disturbance dynamic performance assessment of
power systems. The basic function of the excitation system
is to supply and automatically adjust the field current of the
synchronous generator to regulate the terminal voltage. The
power system stabilizer (PSS) provides the supplementary
signal through the excitation automatic voltage regulator
(AVR) loop which dampens the power oscillations. The
common feature of AVR/PSS controllers is that they are
typically based on models established by approximate lin-
earization of the nonlinear equations of a power system at
certain operating point. These kinds of controllers suffer
performance degeneracy when operating conditions change
due to the highly nonlinear inherent characteristics of power
systems [1], [2].

To assess the performance of the excitation system in
enhancing stability, the design criteria must take into account
operation under realistic power system disturbances and
hence the nonlinearities of the plant must be included [3].
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The basic foundation of geometric feedback linearization
(GFL) arose in control theory and is presented in [4].
A GFL design produces a static state feedback loop and
a special nonlinear coordinate change. This is a diffeo-
morphism mapping which typically changes some physical
variables to non physical or unimportant ones corresponding
to transformation to a strict canonical Brunovsky form. This
form lacks physical integrity and flexibility for control of
variables other than angle. In [2], [5], a GFL has been applied
to a third order nonlinear power system model to design a
nonlinear excitation control loop.

The DFL approach arose from practical concerns, related
to power system nonlinearity [6] and was subsequently
developed to deal with a number of power system control
issues, see [7]–[11]. The theoretical basis is simpler than for
GFL. It just uses the Implicit Function Theorem to selectively
eliminate specific system nonlinearities.

In this paper, we compare the application of GFL and
DFL techniques for the design of power system control. An
application of the geometric coordinate mapping changes the
original nonlinear state model to a linear and controllable
form for which a linear controller is easily obtained. The
resulting state feedback achieves angle stability and fails to
regulate the terminal voltage of a SMIB power system model.
The DFL technique, on the other hand, is used to linearize
the plant model over a very wide range. To overcome
the effects of parametric uncertainties a robust disturbance
attenuating control technique [12], [13] is considered to
design a robust nonlinear excitation control for a power
system which regulates voltage and angle.

By examining a root locus of a simple linear plant model,
an important aspect of power system behavior is observed
and used to explain a basic conflict in excitation control
of power systems, namely the dynamic conflict between
simultaneous generator synchronization and voltage regula-
tion. This knowledge is then used to design an appropriate
stability enhancing DFL excitation control structure whose
design avoids the specified geometric nonlinear coordinate
change and preserves the physical state description of the
original plant model.

II. POWER SYSTEM MODEL

The system equations for a large disturbance study are
nonlinear. A power system is described by a set of coupled
nonlinear DAE of the form

ẋ = f(x, ρ, π) f : �n+m+r → �n

0 = ξ(x, ρ, π) ξ : �n+m+r → �m (1)
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where x ∈ X ⊂ �n, ξ ∈ Ξ ⊂ �m and π ∈ Π ⊂
�r. In the state space X × Ξ, x refers to dynamic state
variables and ρ represents algebraic state variables. The
parameters π define a specific system configuration and the
operating condition. Typical dynamic state variables are the
time dependent generator voltages, rotor angles, controller
states; algebraic variables are the transmission line power
flow variables (the bus voltage and angles). The dynamics of
the generator, control devices, load dynamics, together define
the f equation. A power system stability control goal is to
find a feedback loop that satisfies the following condition

limt→∞(x − x∗) = 0 (2)

where x∗ represents desirable values. However the plant
model is sometimes transformed such that the developed
feedback controller minimizes the error in mapped variables
z:

limt→∞(z − z∗) = 0 (3)

In this case, it is necessary to analyze the impact on asymp-
totic behavior of x.

We consider a SMIB power system model where the
generator is connected to a large network via a transformer
and two parallel transmission lines. The third order single
axis machine model is found to be a sufficient representation
used for the design of excitation control systems [1], [14].
The generator is now represented by the transient emf e,

q

behind the transient reactance x,
d defined by the following

electromechanical equations [9]:

δ̇ = ω(t) − ω0 (4)

ω̇ =
D

2H
(ω(t) − ω0) −

ω0

2H
(Pe − Pm) (5)

.
e,

q =
1

T ,
do

(Ef − Δxdid − e,
q) (6)

and the corresponding electrical equations

Ef = kcuf (t) (7)

Pe(t) =
e,

qV∞sinδ(t)

x,
dΣ

(8)

id(t) =
e,

q − V∞cosδ(t)

x,
dΣ

(9)

iq(t) =
V∞sinδ(t)

x,
dΣ

(10)

Qe(t) =
e,

qV∞cosδ(t) − V 2
∞

x,
dΣ

(11)

Vt(t) =
√

e,
q
2 − 2e,

qx
,
did + x,

d
2(i2d + i2q) (12)

where Δxd = xd − x,
d. The parameters of the system under

consideration are: ω0 = 100π;D = 5;H = 4;T ,
do =

6.9;xt = 0.127;xd = 1.863;x,
d = 0.657;xL = 0.4853; and

the governor is assumed to be slow acting. The physical limit
of the plant is taken as max|Efkc=1

| ≤ 6. The equivalent
system reactance of the whole transmission link is x,

dΣ
=

x,
d+xt+xl. The fault we consider is a symmetrical 3 phase-

to-earth fault that occurs on one of the transmission lines (i.e.
fault sequence 1), and a step increase in mechanical input
power Pm at time t = ts (fault sequence 2). λf is the fraction
of the faulted line to the left of the fault location. If λf = 0,
the fault is at the higher voltage transformer bus, λf = 0.5
places the fault in the middle of the line and so on.

III. LINEAR CASE

In this section, we briefly analyze some complexities in
the design for voltage regulation and rotor angle control
using the familiar linear representation. Using (4)-(12), and
assuming a slow acting governor action, the approximately
linearized state space description of a simple power plant
model is obtained, i.e. ẋ = Ax + Bu such that

A =

⎡
⎢⎣

0 1 0

− ω0

2H
(Qe +

V 2

∞

x
,

dΣ

) − D
2H

− ω0

2H
iq

− 1

T
,

do

Δxdiq 0 − 1

T
,

do

(1 + Δxd

x
,

dΣ

)

⎤
⎥⎦

B = [0 0 T ,
do

−1]T (13)

where x = [Δδ, Δω, Δe,
q]

T , the input u = ΔEf and the
output y = Cx.

Consider the following SISO situations, i.e. y = Δδ,
y = Δω and y = Δe,

q . The corresponding transfer functions
relate the input and output variables respectively:

T1,2,3(s) =
N1,2,3(s)

(s + β1)(s2 + β2s + β3)
(14)

and N1 = −α1, N2 = −α1s, N3 = α2(s
2 + α3s + α4)

where α and β represent values for a specific operating point
or are directly known from the specified system parameters.
It is the dynamic behavior of these values, together with the
specified control matrix gains that govern the stability of the
plant. The locus of the roots of the feedback system for the
gain K ∈ [0,∞) is particularly informative for exploring
control issues in a simple power plant model [14].

The inherent dynamic conflict of voltage regulation and
transient stability can be further studied from the root locus
characteristics for the input to output relationships given in
(14), see Fig.1. It can be seen from Fig.1(a)-Fig.1(b) that the
system exhibits stabilizing properties only for a small gain
K using δ and ω, i.e. locus description of T1(s) and T2(s).
Control of δ and ω in this situation will result in an unstable
voltage mode and oscillatory mode respectively.

The proximity of pole-zero pairs in Fig.1(c), i.e. the
approximate pole-zero cancellation, frees the voltage mode.
In this case, voltage control may be simply enhanced by high
gain linear feedback. Combining the feedback signals gives
the state feedback form ΔEf = −k1Δδ−k2Δω−k3Δe,

q . Al-
though this type of control is not suitable to be implemented
for transient stability control directly since it is only valid
locally around a specific operating point, it provides valuable
insights of limitations and associated design constraints in
power plant control.
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Fig. 1. Root Locus of a simple 3rd order linearized Power System: (a)y = Δδ, (b)y = Δω, (c)y = Δe
,
q

A more detailed analysis of the detrimental effects of rotor
oscillations on voltage mode is reported in [15], where the
generator plus exciter model are taken in the following form

δ(s) = P−1(s)(K11(s + β11)Tm(s) − K12ve(s)) (15)

Vt(s) = P−1(s)(K21(s + β21)Tm(s)

+ K22(s
2 + sζ1ω1s + ω2

1)ve(s)) (16)

such that P (s) = (s+γ1)(s+γ2)(s
2+2ζ0ω0s+ω0) contains

the open loop exciter, field and inertial modes. The inputs
Tm and ve represent mechanical torque and exciter voltage.
The transfer function reveals the close proximity of zeros and
poles. Shifting these poles to improve oscillations on δ will
expose the voltage mode. It has been shown in [10], that a
terminal voltage controller should be combined with an angle
stability type controller in the case of a large disturbance.
Hence, proper coordination or tuning is needed to achieve
satisfactory performance enhancing operation.

IV. NONLINEAR EXCITATION CONTROL DESIGN

This section details the design of a nonlinear excitation
control based on the GFL and DFL techniques. The concept
of feedback linearization is a very attractive method for
designing stabilizing controllers for nonlinear systems. Exact
linearization via the geometric approach is one of the most
fundamental techniques in the field of nonlinear control [4].
The coordinate transformation employed by the GFL can be
written z = Φ(x), x = Φ−1(z) where the new variables
are chosen to give a canonical structure to the linearized
system. However the geometric approach often changes the
physical variables to nonphysical or unimportant ones, and
the control objectives become defined via a diffeomorphic
transformation from x to z. As it will be shown in the
following section, the resulting state feedback achieves angle
stability of a SMIB but fails to regulate the system voltage,
causing unacceptable voltage profiles.

In order to preserve the original plant physical integrity,
i.e. in the (δ, ω, e,

q) state space model, the DFL method
is used. A full coordinate transformation is not necessary.
Only selected variables are affected. The direct lineariza-
tion technique offers considerable flexibility in designing

nonlinear controllers. It uses the Implicit Function Theorem
to selectively eliminate specific nonlinearities. This will be
illustrated in Section IV(B). The proposed nonlinear DFL
excitation controller achieves both voltage regulation and
angle stability effectively.

A. GFL Excitation Controller

The GFL technique transforms a nonlinear system to a
linear one for which a well known linear control design meth-
ods can be applied to obtain stabilizing static feedback gain
coefficients. Given the nonlinear power system model with
a stable equilibrium point x∗, we find a C∞ transformation
Φ(x) defined on Θx of �3 and scalar fields α(x), β(x) such
that v(x, u) = α(x) + β(x)u, β(x) �= 0 ∀x ∈ Θx, and the
new transformed state space has the form ż = Az + Bv
where A and B are constant matrices and (A,B) pair is
controllable.

The transformation used for feedback linearization was
developed in [4] and the details are not repeated here. For a
complete GFL design procedure and its application to power
systems, readers are referred to [2].

A power plant model (4)-(6) describes a normal affine
nonlinear system

ẋ = f(x) + g(x)u x(0) = x0 (17)

where x = [δ ω e,
q]

T , g(x) = [0 0 1

T
,

do

]T and u = Ef .
A new state space is then defined as

z = Φ(x) = [Φ1(x),Φ2(x),Φ3(x)]T = [z1, z2, z3]
T (18)

It has been shown [16] that the locally invertible mapping Φ
must satisfy the following set of partial differential equations:

〈
∂Φ1

∂x
, g〉 = 0, 〈

∂Φ2

∂x
, g〉 = 0 (19)

〈
∂Φ1

∂x
, f〉 = Φ2, 〈

∂Φ2

∂x
, f〉 = Φ3 (20)

〈
∂Φ3

∂x
, f + ug〉 = v (21)

where 〈., .〉 is the Euclidean inner product, and the linearizing
control law is given by

v = 〈∂Φ3/∂x, f〉 + 〈∂Φ3/∂x, g〉u (22)
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such that 〈∂Φ3

∂x
, g〉 �= 0 ∀x ∈ Θx. After some algebraic

manipulation, the following linearizing state transformation
is obtained z1 = Φ1(x) = δ, z2 = Φ2(x) = δ̇, z3 = Φ3(x) =
..

δ. The state equations of the GFL-ed system become

ż1 = z2 (23)

ż2 = z3 (24)

ż3 = vf = α(x) + β(x)Ef (25)

and the nonlinear excitation controller given as

Ef =
−α(x) + vf

β(x)
(26)

Then using linear state variable feedback on z gives

vf = −kz1
z1 − kz2

z2 − kz3
z3

= −kδΔδ − kωΔω − kΔω̇Δω̇ (27)

Since the GFL procedure brings the original nonlinear plant
model (4)-(6) into a controllable Brunovsky form, we apply
a common linear quadratic regulator (LQR) approach to
choose coefficients in (27). Selecting the optimal feedback
gain K = R−1BT P such that v = −Kz, with appropriate
R and Q, the following ARE (Algebraic Riccati Equation) is
solved

AT P + PA − PBR−1BT P + Q = 0 (28)

and a complete GFL nonlinear excitation controller is ob-
tained

Ef = e,
q + Δxdid − T ,

doe
,
qcotδΔω

−
DT ,

do

ω0iq
ω̇ −

2HT ,
do

ω0iq
vf (29)

vf = −28.28Δδ − 22.64Δω − 8.96Δω̇ (30)

The combination of controllers (26) and (30) is a nonlinear
excitation controller which has been designed to achieve
generator stability subject to a large network disturbance.
However the application of the GFL method results in a
specialized stabilizing priority, namely the control structure
is designed for achieving angle stability only.

B. DFL Plant Preserving Nonlinear Compensator

The direct feedback linearization technique is another idea
used to design a nonlinear compensating control law. It has
a simple theoretical basis but allows more flexibility in the
exact linearization steps. We consider the following 3rd order
system

ẋ1 = f1(x) = a11x1 + a12x2 + a13x3 (31)

ẋ2 = f2(x) = a21x1 + a22x2 + a23x3 (32)

ẋ3 = f3(x1, x2, x3, u) (33)

where u is the input and f3 contains the only nonlinear terms.
Let the right hand side of nonlinear equation (33) be replaced
by a new input bv(t) as follows

f3(x1, x2, x3, u) − a31x1 − a32x2 − a33x3 = bv(t) (34)

where linear terms have been introduced. These can be used
to preserve certain physical features. We require (34) to have
a well defined solution of the form

u = g3(x1, x2, x3, bv) (35)

A sufficient condition is given by the Implicit Function
Theorem, such that the solution exists if

∂f3

∂u
�= 0 (36)

Hence (35) defines a nonlinear feedback control via which
the nonlinear plant model becomes linear with respect to an
arbitrary new input v ∈ � in the form ẋ = Ax+bv where A
is 3 × 3 with elements ai,j ; i, j = 1, 2, 3 and b = [0, 0, 1]T .
This idea has been applied in various ways [6]–[11] using
different variables, i.e. (δ, ω, Pe), (Vt, ω, Pe). To demonstrate
flexibility here we use the model based on variables (δ, ω, e,

q)
and allow for physical model uncertainty.

Starting with state model (4)-(12) the following DFL
system is obtained

δ̇ = Δω (37)

ω̇ = −
D

2H
Δω −

wo

2H
iqΔe,

q + η(t) (38)

ė,
q = −

1

T ,
do

Δe,
q +

1

T ,
do

vf (39)

where Δω = ω(t) − ω0, Δe,
q = e,

q(t) − e,
q0 and the input

vf = Ef − Δxdid − e,
q0 (40)

Since the current is readily available by measurement, the
dq projections of the current component can be found. The
internal steady state generator voltage can be approximated
from the Pe = e,

qiq equation. Hence the DFL compensating
law (40) is simple and practically realizable.

A full description of a disturbance input term η(t) is
known since it results from DFL application during the
linearization procedure, and is given by

η = −
ω0

2H
e,

q0iq(t) +
ω0

2H
Pm (41)

such that η(0) = 0 and during and following the disturbance
of a power system it can be approximated by a certain
bounded region η ∈ [η, η̄] subject to iq ∈ [iq, īq]. When a
large fault occurs close to a generator terminal, reactances of
transmission lines change and the configuration of the power
system varies very quickly. To overcome these parametric
uncertainties, robust control techniques can be employed. A
bound of iq(t) in (38) can be used to estimate the change of
the system structure. The relationship between stabilizability
and H∞ control has been considered for uncertainty in the
plant [12], [17].

If we let the system uncertainty be defined by ΔA, then
the application of DFL results in a state space description
that can be written in the form

ẋ(t) = (A + ΔA)x(t) + Bu(t) + Gη(t) (42)

ϕ(t) = Ωx(t) (43)

y(t) = Cx(t) (44)
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where x(t)is the state space, u(t), η(t), ϕ(t) and y(t) denote
the control, the disturbance, the controlled output and the
measured output, respectively. A full state measurement is
assumed, i.e. C=I, with the feedback controller in the form
u = Fx.

Definition 1.1 The system (42)-(44) is said to be stabi-
lizable with disturbance attenuation γ > 0 if there exists a
state feedback matrix F such that the following conditions
are satisfied.
1. The pair (A + ΔA,B) is stable
2. The closed loop transfer function H(s) from η to ϕ
satisfies the bound

‖ Ω(sI + (A + ΔA) + BF )−1G ‖∞≤ γ2I (45)

for all realizations in the uncertainty region.
Theorem 1.1 Let Q ∈ �n×nand R ∈ �m×m be positive

definite matrices for a given constant γ > 0, and ε > 0
such that ARE has a positive definite solution P. Then, the
required feedback matrix can be given by

F = −
1

2ε
R−1BT P (46)

Suppose the uncertainty is expressed as

ΔA =

k∑
i=1

Airi(t)

with |ri(t)| ≤
−

r, i = 1, 2, . . . , k;
−

r ≥ 0; and each Ai has
a rank one decompositions chosen as DiE

T
i . At present

there is no systematic way of choosing the best rank one
decompositions and this would be an important area for a
future research [17]. Any variation in the uncertainty bounds
can be eliminated by suitable scaling of Ai.

For the above power systems problem, k = 1 and the
linearized system model can be rewritten as

ẋ = (Ā + r(t)DET )x + Bu + Gη (47)

where Ā represents the average value for which the time
varying function (represented by a23 in (32)) is defined as

f(t) =
ω0

2H
iq(t) (48)

The uncertainty range can be found by letting the quadrature
current component be bounded by imin

q ≤ iq ≤ imax
q and the

bounds of f(t) are found [9], such that

f̄ =
1

2
(fmax + fmin)

r(t) = ψ2

f − f̄

fmax − f̄
; |r(t)| ≤ 1;

D = [0 ψ1 0]T

E = [0 0 −ψ−1
1 ψ−1

2 (fmax − f̄)]T

where ψ1,2 are scalar. The application of state feedback
matrix (46) to (47) results in a closed loop system matrix
Ac = Ā + r(t)DET − 1

2ε
BR−1BT P such that

AT
c P + PAc = −γ−1PGGT P − γ−1ΩT Ω − εQ (49)

Note that identity

ΣT Π + ΠT Σ ≤ λ−1ΣT Σ + λΠT Π (50)

holds for any real matrices Σ and Π of appropriate dimen-
sions, and any scalar λ > 0. Expanding the left hand side of
(49) and using the above inequality, we obtain

r(t)(PDET + EDT P ) ≤ λ−1PDDT P + λEET (51)

and the following ARE is derived

ĀT P + PĀ − P (
BR−1BT

ε
−

DDT

λ
−

GGT

γ
)P

+ λEET + γ−1ΩT Ω + εQ = 0 (52)

If there exists a positive definite stabilizing solution P to the
ARE (52), then a stabilizing control law (46) can be obtained
and the uncertain DFL compensated plant is stable under
this robust control law. A complete excitation controller is
obtained as:

Ef = vf + Δxdid + e,
q0 (53)

vf = 15.61Δδ(t) + 15.9Δω(t) − 64.48Δe,
q(t) (54)

Rotor angle is required as a state feedback variable. In the
simulation, rotor angle excursion is taken with respect to an
infinite bus. Since δ(t) may be hard to measure, an angle
detector can be introduced as a possible observer to estimate
the power angle [7]. The EMF in the quadrature axis on the
other hand can be approximated from the readily available
electrical power signal and the quadrature projection of the
measurable current.

The proposed nonlinear controller damps out system oscil-
lations and quickly regulates the generator terminal voltage
to within its operational limits. The effectiveness of the
nonlinear excitation compensator is demonstrated in the
following section.

C. Angle Stability and Voltage Control

In the above DFL design we have derived a voltage
type controller based on the state space model with vari-
ables (δ, ω, e,

q). In [10], a coordinated control structure is
presented such that transient stability control via (δ, ω, Pe)
feedback and voltage regulation via (ω, Vt, Pe) feedback
can be achieved within a so-called global control law. As
proposed in [10], the following static linear feedback is
obtained for voltage control vf = −kvΔVt −kωω−kpΔPe.
Since the voltage is introduced as a feedback variable, the
post fault voltage is maintained within its operational limits.
In practice, we want to achieve system synchronization and
good post fault performance of the system. In [7], [10]
it has been recognized that angle and voltage controllers
achieve different objectives in different regions of the state.
A switching strategy has been proposed as a way to unify
different control actions to achieve synchronization and post
fault voltage regulation. In the following section, we show
that the proposed DFL type controller (53)-(54) achieves
both voltage regulation and enhances dynamic performance
of the power system.
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Fig. 2. Power System Responses, fault sequence 1, λf = 0.05

V. SIMULATION RESULTS

Following the design procedures given in Section IV, we
obtain complete excitation controllers

EDFL
f = vf + Δxdid + e,

q0 (55)

vf = 15.61Δδ(t) + 15.9Δω(t) − 64.48Δe,
q(t)

EGFL
f = e,

q + Δxdid − T ,
doe

,
qcotδΔω

−
DT ,

do

ω0iq
ω̇ −

2HT ,
do

ω0iq
vf (56)

vf = −28.28Δδ − 22.64Δω − 8.96Δω̇

The power system responses with different controllers sub-
ject to a large disturbance are shown in Fig. 2 and Fig.
3. From the simulation results it can be observed that
GFL nonlinear controller stabilizes the disturbed system but
the post-fault voltage excessively differs from the pre-fault
value. The DFL nonlinear excitation controller achieves post
fault voltage regulation and satisfactorily achieves system
synchronization at a new operating point.

Thus, we have shown that the new DFL excitation con-
troller improves the transient stability and achieves postfault
performance of the generator terminal voltage Vt. As a result
of the fixed coordinate transformation, the GFL excitation
controller achieves transient stability for the transformed
state space variables and fails to regulate the system voltage
to within its limits.

VI. CONCLUSIONS

In this paper, we study some issues in the nonlinear control
of power systems via (exact) feedback linearization. The
geometric (GFL) and direct (DFL) approaches are compared
for their flexibility in design with respect to different choices
of state variables and control requirements. As preparation
for this, a basic conflict between angle and voltage control
via excitation voltage is studied. Such physical limitations
are important to preserve in the design. The DFL approach
is seen to be very flexible for achieving control of both angle
and voltage. The GFL approach naturally leads to angle (and
frequency) control. Finally, a novel DFL plus robust control
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design is presented to achieve coordinated angle and voltage
control.
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